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Abstract. This article discusses the emergence – from first principles – of collectivity and clustering in light and intermediate-mass
nuclei, up to the calcium region, with implications for reproducing enhanced E2 transitions in deformed nuclei, and for further
understanding the formation of alpha clustering. Structure calculations use nucleon-nucleon chiral potentials and are based on the
ab initio symmetry-adapted no-core shell model (SA-NCSM) that expands the reach of the no-core shell-model theory to heavier
nuclei and enables the description of spatially enhanced nuclear configurations. This is achieved by using a physically relevant
symmetry-adapted basis, which exploits approximate symmetries that, we find, dominate the nuclear dynamics. Important implications that have deepened our understanding of emergent phenomena in nuclei, such as enhanced collectivity, giant resonances,
pairing, and clustering, are discussed for Be, C, O, Ne, and Ti isotopes.

INTRODUCTION
A central challenge of nuclear physics is to apply our fundamental understanding of the strong nuclear force to describe
strongly-interacting many-body systems and to understand emergent patterns, such as alpha clustering and collectivity,
in nuclear systems. To study this, we employ the ab initio symmetry-adapted no-core shell model (SA-NCSM) [1, 2].
Ab initio approaches build upon a ‘first principles’ foundation. They provide a long-missing link that bridges from
the many-particle nucleus down to the fundamental blocks, namely, the properties of only two or three nucleons
that are consistent with the underlying symmetries and symmetry-breaking patterns of quantum chromodynamics
(QCD) of quarks and gluons. And while this bridge transforms the nuclear problem into a computational- and dataintensive challenge, it empowers ab initio models with two invaluable features: (1) a universal character essential
for modeling the co-existence of diverse nuclear substructures and (2) predictive capabilities vital for descriptions
of experimentally inaccessible nuclear species far off the valley of stability. As such nuclei are often found key to
understanding processes in extreme environments, from stellar explosions to the interior of nuclear reactors or fusion
capsules, first-principle nuclear models have been demonstrating a tremendous impact for advancing the frontiers in
multiple branches of physics such as astrophysics and neutrino physics (e.g., see Refs. [3, 4, 5, 6, 7, 8, 2, 9, 10]).
Here, we present a symmetry-guided strategy that utilizes exact as well as partial symmetries for enabling a
deeper understanding of and advancing ab initio studies for determining the microscopic structure of atomic nuclei.
These symmetries expose physically relevant degrees of freedom that, for large-scale calculations with QCD-inspired
interactions, allow the model space size to be reduced through a very structured selection of the basis states to physically relevant subspaces. This can guide explorations of simple patterns in nuclei and how they emerge from first principles, as well as extensions of the theory beyond current limitations toward heavier nuclei and larger model spaces.
This is illustrated for two significant symmetries that, we find, are inherent to the nuclear dynamics, namely, the symplectic Sp(3, R) group and its deformation-related SU(3) subgroup, exemplified by light p-shell systems, such as 8 Be,
12,14
C, and 16 O, sd-shell nuclei 18,20 Ne, and p f -shell nuclei 32 Ne and 48 Ti, based on the ab initio SA-NCSM with no
a priori assumptions. Cluster features within the ab initio SA-NCSM wave functions for 20 Ne and the 16 O(α, γ)20 Ne
reaction rate are presented in Ref. [11], whereas giant resonances and response functions for 4 He, 10 Be and 16 O are
discussed in Ref. [12].
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SYMMETRY-ADAPTED (SA) BASIS CONCEPT AND APPLICATIONS
To resolve the scale explosion problem in ab initio nuclear structure calculations, i.e., the explosive growth in computational resource demands with increasing number of particles and size of the spaces in which they reside, we have
developed a symmetry-adapted model founded on efficacious techniques of group theory and dubbed the symmetryadapted no-core shell model [1, 2], which exploits approximate symmetries of the collective nuclear many-body
dynamics; we use the SU(3) group associated with deformation and rotations. Indeed, such symmetries were first recognized by Bohr & Mottelson (1975 Physics Nobel Prize) [13], followed by the seminal work of Elliott [14, 15, 16]
and the microscopic no-core formulation by Rowe & Rosensteel [17, 18]. And while algebraic (or group-theoretical)
models, albeit limited to just a few basis states and symmetry-preserving interactions, have long provided successful
descriptions of dominant collective features of nuclei [19, 20, 18, 21], only now, with the advent of high performance
computing facilities, these models can be expanded to include sufficiently large model spaces with sophisticated realistic nucleon-nucleon interactions. Within such a symmetry-adapted framework, the symmetry is used to reorganize the
entire model space into a physically relevant basis. This basis, in turn, has unveiled a remarkable result: the emergence
of highly ordered patterns from first principles with no a priori symmetry assumptions [1, 22, 2].
In particular, the many-particle basis states of the SA-NCSM are based on the single-particle harmonic oscillator
(HO) basis with a frequency ~Ω and are SU(3)- or Sp(3, R)-coupled nuclear configurations of fixed parity, consistent
with the Pauli principle, and truncated by a cutoff Nmax . The Nmax cutoff is defined as the maximum number of
HO quanta allowed in a many-particle state above the minimum for a given nucleus. For a given Nmax , the SANCSM many-particle basis states are constructed in the proton-neutron formalism, that is, we treat neutron and proton
orbitals independently so total isospin is not conserved. For all possible distributions of protons {Z0 , Z1 , Z2 , . . .} and
neutrons {N0 , N1 , N2 , . . .} over the major HO shells η (η = 0, 1, 2, . . . for the s, p, ds,. . . HO shell), limited by the
number of HO quantum excitations up through Nmax , the SU(3)η ×SU(2)S η configurations are first enumerated for
every major HO shell, following the U(Ωη ) ⊃ SU(3) reduction [23], where Ωη is the HO shell spatial degeneracy.
This is followed by an inter-shell SU(3)×SU(2)S coupling of the in-shell configurations. Finally, the resulting proton
and neutron configurations are coupled to good quantum numbers (λ µ)κL of the SU(3)(λ µ) ⊃SO(3)L group chain (κ is
multiplicity), together with proton, neutron, and total intrinsic spins S p , S n , and S of the complementary SU(2) spin
group. The orbital angular momentum L is coupled with S to the total angular momentum J with a projection M. Each
basis state in this scheme is labeled schematically as |~γ N(λ µ)κL; (S p S n )S ; JMi, where N is the total number of HO
excitation quanta and ~γ denotes additional quantum numbers needed to distinguish among configurations carrying the
same N(λ µ) and (S p S n )S labels. In this way, a complete shell-model basis is classified. These SU(3)(λ µ) ⊃SO(3)L
configurations, that describe both static and dynamic shapes together with their rotations, can be further re-organized
into symplectic Sp(3, R) irreps, according to the group chain shown in Fig. 1.

Static/dynamic
deformation
Particle-hole excitations
Shape of the giant resonance
monopole (r2)/
quadrupole (Q) type

Rotations

Space
orientation

FIGURE 1. Group chain that labels each of the many-body basis states in the model space of the SA-NCSM with Sp(3, R)-coupled
basis. Each symplectic Sp(3, R) irrep preserves an equilibrium deformation (static shape) and includes multiples of 2~Ω 1p-1h
vibrations of this shape (dynamic shapes) together with shape rotations.

Clustering and collectivity in light to medium-mass nuclei from first principles. – The validity of the SA concept
has been illustrated for energies, electromagnetic transition strengths, and radii [1, 2], and equally important, for elastic
(e, e0 ) scattering [24] – namely, for low-lying states of light to medium-mass nuclei, the SA modeling with symmetryselected spaces has been shown to provide a description equivalent to that obtained in the corresponding complete
space. Utilizing the SA concept with SU(3)-coupled basis, we have studied light nuclei (see Fig. 2 for 8 Be with a clear
indication of cluster formation) and reached open-shell medium-mass nuclei, including 32 Ne at the neutron-drip line of
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interest to nucleosyntheis, and preliminary calculations for 48 Ti & 48 Ca of interest to neutrino-less double-beta decay
studies (Fig.3). A remarkable result is that the SA-NCSM can capture nuclear collectivity and hence, descriptions of
spatially enhanced deformation are not feasible within an ab initio framework. E.g., for 18 Ne, the B(E2; 2+ → 0+ )
strength is found to require 33 HO major shell, a much larger model space than the one needed for the description of
the excited states (Fig. 3 shows results for 9 HO major shells that are in a very good agreement to experiment).
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FIGURE 2. (a) Energy spectrum of 8 Be, calculated in the ab initio SA-NCSM and compared to experiment. (b) The corresponding
one-body density profile (in the body-fixed frame) of the 8 Be ground state (gs) clearly reveals two alpha clusters. SA-NCSM
calculations are performed using the realistic JISP16 NN [25] in a model space of 14 HO major shells (~Ω = 20 MeV).
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FIGURE 3. Ab initio SA-NCSM calculations using the chiral NNLOopt NN [26] in ultra-large model spaces (~Ω = 15 MeV).
Energy spectrum of (a) 18 Ne in 9 HO major shells, along with the B(E2; 2+ → 0+ ) strength in W.u. reported for 33 shells, and (b)
32
Ne in 7 shells. (c) Density profile of the gs of 20 Ne (top) and 48 Ti (bottom). Simulations are performed on the Blue Waters system.

Two-nucleon correlations. – These correlations are of particular importance to break-up reactions and nuclei close
to the drip lines. The effect of two neutrons on the 3α system has been probed in the ab initio SA-NCSM for 12 C
[24, 27] and 14 C. Nuclear densities for the ground state of both nuclei (Fig. 4) show that neutrons tend to reside inside
the alpha clusters, with the overall shape of 14 C being closer to spherical as compared to the torus-like shape of 12 C.
For sd-shell nuclei, we also explore the formation of like-nucleon and proton-neutron (pn) isovector pairs together with pn isoscalar correlations. These investigations are carried forward in the framework of exact pairing in
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12C

14C

FIGURE 4. Ground-state one-body density profile (in the body-fixed frame) calculated in the ab initio SA-NCSM with (a) the
bare realistic JISP16 NN for 12 C, and (b) the bare chiral NNLOopt for 14 C.

a shell model with non-degenerate single-particle energies that are empirically derived. The method provides exact
solutions when non-degenerate single-particle energies and the challenging pn correlations are considered, based
on recent mathematical developments [28, 29]. Binding energies and fine-structure quantities for light up through
medium-mass nuclei (10 ≤ A ≤ 62) are found to remarkably agree with experiment [30] (see Fig. 5 for the residual
proton-neutron interaction for selected p- and sd-shell nuclei including the deformed 12 C and 20 Ne). The outcome
suggests that enhanced deformation does not preclude pair formation – indeed, collective modes appear to remain
dominant even in the presence of pairing (see also [31, 32]), while the most noticeable effect of the latter is typically
in reducing the moment of inertia. Of particular interest is the relation to ab initio results. The ab initio SA-NCSM
successfully describes the low-lying spectrum of 12 C, using JISP16 for ~Ω = 20 MeV and Nmax = 8 [27]. In these
calculations, the lowest 0+ T = 1 state is reported to be 21.42 MeV. This is consistent with the value of 18.16 MeV
calculated using the exact pairing model.

SYMMETRY-ADAPTED (SA) CLUSTER BASIS
Relation of the SA basis to cluster basis. – Cluster models, which can offer a unified theory of structure and reactions [33], assume a formation of substructure systems, typically, α clusters (see, e.g., the book [34] and review [35],
and references therein). The physical significance of α-cluster models is related to the fact that the α-particle is tightly
bound. Indeed, in its lowest-energy configuration, it is a [4] spatial configuration, corresponding to an SU(3) scalar,
(λ µ) = (0 0) (spherical deformation) and an SU(4) scalar, a single (0 0 0) SU(4) irrep, with S = 0 and T = 0. These
simple 2p-2n localized configurations have been shown to emerge in nuclear modeling in the framework of the ab
initio lattice EFT [4, 36] and in the Hoyle-state study in the NCSpM no-core symplectic shell model [37] with no a
priori cluster assumption. Remarkable progress has been made in recent years in the development of approaches from
first principles to scattering and nuclear reactions (see, e.g., [38, 39, 8, 40]).
The nuclear wave function of the cluster model consists of “cluster-internal” and “cluster-relative” parts. In
the framework of the microscopic resonating-group method (RGM) [33], the internal cluster wave functions can be
expressed in terms of the HO shell-model basis assuming a common oscillator constant ~Ω for all the clusters. For
a relative motion between the clusters that is very spatially extended, a shell-model representation of clustering may
require ultra-large model spaces. This makes the use of symmetry-based schemes advantageous.
In particular, based on a method developed for calculating overlaps between Sp(3, R)-coupled basis states and
cluster states [41], we can study the contribution of 12 C and α clusters in the ground state of 16 O, as calculated in
the ab initio no-core shell-model framework using the realistic JISP16 NN (Fig. 6) [42]. In particular, some of the
most important shell-model configurations can be expressed by exciting the relative-motion degree of freedom of
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FIGURE 5. Residual interaction between the last proton and last neutron for selected isotopes as compared to experiment and
calculated for a pairing Hamiltonian with like-nucleon and pn isovector pairing, pn isoscalar term, and a Coulomb potential.

the clusters. For example, the large overlaps between the first symplectic excitation (2~Ω) indicate that the α+12 C
cluster basis significantly contains the quadrupole collectivity, and equally, the first symplectic excitation accounts
to a large extent for the formation of the clusters. It is remarkable that only a single Sp(3, R) irrep with a spherical
static shape of (λ µ) = (0 0) describes 70-80% of the ab initio wave function, while the cluster basis of two 12 C and α
clusters (assuming no cluster excitations) projects largely onto this single Sp(3, R) irrep, especially for the symplectic
configurations in the low-N~Ω subspaces [41], with a 100% overlap with the 0~Ω 0p-0h symplectic configuration.
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FIGURE 6. Ground state of 16 O, as calculated in the ab initio no-core shell-model in 8 HO major shells using the Lee-Suzuki
renormalized realistic JISP16 NN (labeled as “NCSM”): (a) projected onto a single Sp(3, R) irrep (labeled as “1 Sp” ) and (b)
projected onto a cluster basis of 12 C and α clusters with the assumption of no internal cluster excitations (labeled as “Cluster”).

Based on these overlaps, a model that utilizes a mixed symplectic Sp(3, R) basis and a microscopic cluster-model
basis of the “no-core shell model with continuum” type with simple NN potentials have been carried forward by
Suzuki and Hecht [43] for 8 Be with a Gaussian-like interaction. This unified framework has been made possible by
developing methods for calculating overlaps between Sp(3, R)-scheme basis states and cluster states, and for evaluating matrix elements of a general translationally invariant two-body interaction [41, 43, 44]. Even though first applications have been carried in limited model spaces, consisting of a restricted single Sp(3, R) irrep up through Nmax = 8,
and assuming no excitations of the alpha particles, the results have indicated that the mixed symplectic-cluster model
leads only to slight improvement to the cluster model in the description of the α + α system. Furthermore, calculations
in the pure symplectic basis have also provided a good description of 8 Be. This is not surprising since the overlaps be-
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FIGURE 7. Exchange part of the norm kernel of (a) p/n+16 O and (b) p/n+20 Ne. Ab initio SA-NCSM calculations are performed
using (a) the chiral N2LOsat NN in 10 shells (~Ω=16MeV), and (b) the chiral N2LOopt NN in 13 shells (~Ω=15MeV) with
configurations that contribute to the gs wave function more than 2%. The spurious center-of-mass motion has been removed from
the ab initio wave functions, but not from the cluster system, however, its contribution to nuclei beyond A ∼ 16 is expected to
be small. Top panels show the exchange part of the norm kernel as a function of the inter-cluster distance r and r0 (nonlocal) at
convergence; bottom panels show the convergence of the exchange part of the norm kernel (at r0 = 1 fm) as the projectile is allowed
to occupy higher HO shells (ηrel labels the maximum HO shell for the relative motion) as a function of the inter-cluster distance r.

tween the two bases for the low-lying states of p and sd-shell nuclei have been found to be comparatively large in the
low-N~Ω subspaces [41]. The mixed symplectic-cluster basis approach has provided important insight for symmetryguided large-scale shell models that aim to achieve faster convergence of states that are influenced by the continuum.
A careful comparison with experiment, however, indicates that the cluster model, if the clusters are frozen to their
ground states, tends to miss some states with simple core excitations, overestimates cluster decay widths, and underestimates E2 transition rates [34]. But in the cases where clusters have little overlap, the corresponding cluster state
strongly deviates from the usual “shell-model”-like configurations and project onto ultra-large shell-model spaces. As
overlaps between the microscopic cluster and symplectic bases decrease in higher-N~Ω subspaces, the mixed-bases
approach prove to be advantageous, in which both bases play a complementary role [45]. Recently, ab initio largescale applications, which utilize a mixed shell-model and cluster basis to achieve a faster convergence, have been
successfully carried forward in the framework of the no-core shell model with continuum (NCSMC) [46, 47].
Resonating-group method (RGM) in the SU(3) schemes. – In the RGM, the wave functions of the cluster system
are obtained by solving the many-body Schrödinger equation via an R-matrix coupled-channel method [33, 48].
This requires calculations of Hamiltonian (Ô = AĤA) and norm (Ô = AA) kernels, which involve computations
of overlaps of the type hΨ0 | Ô |Ψi (A properly takes into account antisymmetrization). In the SU(3)-based RGM
framework of Hecht [49], the “localized” part of the kernels is reduced to calculating norm and Hamiltonian overlaps
between the SU(3)-scheme RGM basis, which, e.g., for two fragments of mass number f and A − f can be written as,
µ)
2 µ2 )S 2 T 2 (λc µc )S c T c
A{{φ(λf 1 µ1 )S 1 T1 × φ(λ
}
× χ(Q 0) }(λ
κ(LS )JMT MT ,
A− f

020004-6

(1)

where the φ f and φA− f are the microscopic wave functions of the fragments and Q is the number of HO quanta of
their relative motion. This defers the dependence on angular momentum to the very last step in the calculations, and,
in turn, facilitates quick calculations. As emphasized and shown in Refs. [49], the main advantage arises from the
fact that the norm overlaps (both direct and exchange terms) are diagonal in this basis and that one can avoid the
complications of embedding the angular momentum. Another important feature is that once the overlaps are calculated in lab-frame coordinates, the translationally-invariant overlaps can be straightforwardly calculated using an
U(A)× U(3) approach, which is especially suitable for the SU(3)-coupled wave functions [49]. Early applications of
the model to the intermediate-mass region typically employ leading SU(3) configurations in the cluster wave functions and Gaussian-like interactions, and have successfully calculated α and 8 Be cluster amplitudes, spectroscopic
amplitudes for heavy-fragment clusters, and sub-Coulomb 12 C+12 C resonances [45, 50, 51]. Recently, an ab initio
NCSM/RGM approach [52] has achieved successful descriptions of light nuclei with applications to fusion reactions
and astrophysics [8, 53, 54]. The method combines the RGM with the ab initio NCSM [55] – it empowers the NCSM
with the capability to simultaneously describe both bound and scattering states in light nuclei, while preserving the
Pauli exclusion principle and translational invariance; it also extends the RGM to utilize realistic interactions and firstprinciple NCSM wave functions. Building upon this foundation, we construct an SA-NCSM/RGM approach using the
SU(3) basis, which can now reach heavier nuclei. In particular, we present preliminary results for intermediate-mass
nuclei by calculating the exchange part of the norm kernel (Fig. 7), while using ab into SA-NCSM wave functions for
16
O and 20 Ne (notations and definitions follow those of Refs. [33, 52]). It is important to note that the proper account
for the collectivity and clustering in these nuclei plays an important role in modeling proton or neutron scattering
processes.
In short, the symmetry-adapted (SA) approach has achieved first-principle investigations of intermediate- and
medium-mass nuclei, with a view toward reactions involving such nuclei. We have shown that enhanced deformation
and formation of clusters indeed emerge from the underlying physics of only two or three nucleons. To achieve this,
accounting for correlations in ultra-large model spaces is critical. In particular, this is vital for reproducing B(E2)
strengths from first principles, as – in some cases – they are found to increase by an order of magnitude when such
correlations are taken into account. The goal is also, by using the SA-NCSM, to predict properties of experimentally
inaccessible nuclei and reactions by studying diverse nuclear systems, from well-known stable to rare isotopes. The
critical need for this has been recently recognized, as such development is key to advancing our knowledge about
nucleosynthesis, neutrino physics, fundamental symmetries in nature and related processes from fusion to fission.
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S. Baroni, P. Navrátil, and S. Quaglioni, Phys. Rev. Lett. 110, p. 022505 (2013).
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